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Abstract

In this paper, we present some results estimating the order of approximation of the rth
derivative of a function by means of linear operators under different assumptions related to
shape preserving properties. We give an example of an operator with the best order of
approximation.
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1. Introduction

In various applications it is necessary to approximate a function preserving such
properties as monotonicity, convexity, concavity, etc. The so-called shape preserving
operators could serve as a tool for such an approximation.

As this paper will show, if an operator of finite rank has some shape preserving
properties, then the order of approximation by the derivatives of the operator is low.

Let X = [0, 1]. Denote by C*(X), k>0, the space of all real-valued and k-times
continuously differentiable functions on X. Let D' be the ith differential operator;
|| - || denotes the sup-norm in C(X) = C°(X), || || = sup,cx | £ (x)|.
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Denote by IT; the subspace of C(X) spanned by {ey, e, ..., e}, where e;(x) = X',
ie. Hk = <807 ...,ek>.

Let ¢ = (0;);5, be a sequence with o;€{—1,0, 1}, and let &, k be two integers with
0<h<k and o;, - 6, #0. Let

Cri(0) ={feC*(X): ;- D'f >0, i=h,...,k}.

Let ' = {i: h<i<k, 0;#0, 0,41 =0, 0; 0142 # — 1}.

When I' = 0, then following [7] we call C;x (o) a cone of type I. When I'#0) then
we call G, (o) a cone of type II.

A linear operator mapping C(X) into a linear space of finite dimension n + 1 is
called an operator of finite rank n+ 1.

In the theory of approximation the well-known result of Korovkin [4] gives
conditions that guarantee the convergence of sequences of linear positive operators
to the identity operator.

Note that interest in conservative and shape preserving approximation has
increased in last years. In particular, Gonska [1], Knoop and Pottinger [2], Mufoz-
Delgado and Cardenas-Morales [6] presented some quantitative Korovkin-type
estimates on shape preserving approximation. The next generalizations of Korovkin
theorem [4] were presented in [7].

Proposition 1. Let C,x(c) be a cone of type 1 or 1l and let {L,},-,
L, : CK(X) > CK(X), be a sequence of linear operators.

If
Ly(Chi(0)) = Cri(o) (1)
and
lim ||[D*L,e; — Dre|| =0 for every j=h,....k+2,
then

lim ||D*L,f —D*f || =0 for all feCr(X).

Proposition 2. Let Cji(c) be a cone of type 11 and rel'. Let {L,},-,,
L, : CK(X)—>C"(X), be a sequence of linear operators.

If
Ly(Chic(0)) = Crr(0) (2)

and
lim ||[D"Lye; — Dej|| =0 for every j=h, ... k, (3)

then

lim ||D'L,f —Df| =0 forall feC(X).
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One of the shortcomings of linear positive operators is their slow convergence. It
was shown by Korovkin [5] that the order of approximation by positive linear
polynomial operators of degree n cannot be better than n=2 in C(X) even for the
functions ey, e1, e;. Moreover, Videnskii [12] has shown that the result of [5] does not
depend on the properties of the polynomials but rather on the limitation of
dimension.

Extending the results of Korovkin [5] and Videnskii [12] it was shown in [§8] that if
in the approximation process given in Proposition 1, the operators L, are assumed to
be of finite rank n + 1, then the order of convergence of DXL, f to D*f cannot be
better than n~2 even for functions ey, ex,1, exio.

In this paper we present similar results for sequences of linear operators L, of
finite rank n + 1 under the conditions of Proposition 2. Interestingly, we show that
an order of approximation better than n~2, may occur. Specifically, we first show
that it cannot be better than n~*~") and then we present an example with this
optimal order.

Note that particular case k = r + 2 was considered in [9].

2. Main results

Theorem 3. Let Cy(c) be a cone of type 11 and reT. Let L, :C*(X)—C'(X) be
a linear operator of finite rank n+ 1, such that

(1) Lu(Chi(o)) = Cri(0);
(2) D'Lye, = D'ey;
(3) if r>0, then L,(I1,_;)<II,_;.
Then
zk: LD Lue, — Deyl| 5> —

- n€p — pll="" T
p=r+1 P' ‘E(I’l + l)k

where the constant 1> 1 does not depend on n.

Proof. The proof of the theorem mostly uses the ideas and the technique of [10-12].
Itis clear that k=r + 2. We assume ¢, = 1| (for g, = —1 the theorem can be proved
similarly).
Let {u;};_, be a system generating the linear space {L,f: f eCF(X)}. Consider
the matrix

A= 1D"u(z)]j=0,...n; i=0

R/ B
where z; = L5, i=0,...,n+ 1.

The rank of A4 is not equal to zero, rank 4#0. Indeed, if rank 4 =0, then
D'L,f(z) = S0 oai(f )Dui(z}) = 0, =0, ..., n, for every f e C¥(X), which contra-
dicts hypothesis (2).
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Take a non-trivial vector & = {d;}/ such that
n+l n+l

Slol=1, > aDu(z)=0, j=0,....n
i=0 i=0

It follows from [3, pp. 82-96] that there exists a constant ¢> 1, independent of n, and
a function geC*(X) such that

(1) D'g(z;) =sgnd;, i=0,...,n+1,

(2) Dig(0)=0,i=0,....,r—1,

B) ||IDig|| < (n+ 1) i=r, .k

As D'"L,g belongs to the linear space spanned by {D’uj};’zo, we get

n+1

> D Lag(z) =

i=0

Then

n+1 n+1 n+1

1:Z|5|_Zw' z) Za (D'g(zi) — D" Log(z:))
n+1

< Y 16ilID Lag(z:) — D' g(z)| <||1D' Lug — D'g|. (5)

i=0
Take xe X and define two functions ¢; ., j = 1,2, by

k
I ; " 1 |
(1) = —m(t — —1)/tpr+l t T 6
qjvx() ; llml( )C) +( ) g(X) (l’+1)'( x) ) ( )
i#rr+1
where
71 )
o - | [1D'gl| + E IDPgl| - >° 5+ —=1ID"gll | if h<r and
p=itl j=1J: (r—1i)!
p#r
i=h...,r—1,
m; = 1
(IID’QIH > ID"9|~Z.—,> if r<k—2 and
p=i+1 j:l]'
i=r+2,....k—1,
or - ||D¥g|| if i=k.
Then
def ~ 1 - )
Vj,x é qjx + (_1)J<g _ﬁerD g(x)) eCh,k(O-)7 J= 1,2 (7)

Indeed, since y; ., j = 1,2, satisfy the following properties:

(1) D'y, «(x) = D'gjx(x) =0,
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@) Dy, (%) = D g (x) + (—1)/D*1g(x) =0,
() iy, = gy + (1) D g >0,

we have D"y;  >0.
Finally, it is easy to check that

O','Di'))j‘XZO, i=h,. .k, i#r.
Now it follows from hypothesis (1) and (7) that L,y; € C,,(c), j = 1,2. Thus,
. 1 .
DL (5 e o) ) (<D L)
and

1
-D'L, (g 3 e,D’g(x)) (x)<D'L,gr.(x).

Consequently,

D" Lug(x) — D'g(x)|

1 1 . . .
D'L, (g - ﬁe,.D’g(x)) (x) + ﬁD'g(x) - (D"Lye, — D"e;)(x)
<max{\D”an1,x(x)|7 |Danq2,x(x)|}7

where we have used hypothesis (2).
On the other hand, it follows from

D'L,((- — x)")(x) =D'L, ( > (- 1)i‘YCfesx"S> (x)
5s=0
_N (=) CSx" (D" Lye, — D'ey) ()
s=0
+ I (=) CSx ™ Drey(x)
5s=0

and

i ) . ) i . 1
i—s —s yr ey =S —
2 (=) Cix"Dley(x) = ilx' ;:, (=1 e 0,

that
. ; — 1) CH (D Lyey — D'eg)(x),  i>r,
DLy - = 2, T &)
0, o<i<r.
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It follows from (6), (8) and (9) that
[D"Lyg(x) — D'g(x)|

<y (1 il > G Le) - D’es<x>|>

i=r+2 s=r+1
1 7 r >
o P 1D L () = Dera ()
k k
1 - m
= — - |D'Lye,(x) — Dey(x)] - ik
p;H pt ’ ; (j=p)!
Jj#r+1
1 . . .
+ (V+ 1)‘ ' ‘D +lg(x)| : |D Lner+1(x) -D er+l(x)|. (10)

It follows from |m,| <2Zf:pc’*’(n + 1)14, p=r+2 ..k and (5), (10) that

k k k
1 r r 1 I—r I—r
1<2 E <[7!|DLnep—Dep||-§ ((J'—P)!.,E-c (n+1) ))
J=pP =

p=r+1

k
k—j+1
<2+ 1S LD Lye, D’epHZi

p=r+1 p Jj=p ] p)
k
<25+ )T Y —, ID"Lue, — D'eyl|(k —p + 1)e
p=r+1 p:
k o s
<2e(k =) (n+ 1) N EHD’L,,e,,—D'ePH, (11)
p=r+1 1"
where we have used that Z ), <e=2,718... . Finally (4) follows directly from

(11) taking © = 2e - (k —r)c*~ ’. O

3. Auxiliary lemmas

Let us consider some lemmas first.

Denote by [yo, y1, ..., ¥p;f ] the pth order divided difference of the function f* at the
knots yg<y1 <--- <yp.

Denote by L,f(x;y0,1,...,¥p) the Newton interpolation polynomial of the
function /" at the knots yo, y1, ..., yp:

j—1

. def
Lpf(x§y07J/1a--->)’p Z b}Oa' 7}07 H (X_yi)a X —y- lil (12)

i=—1
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Lemma 4. Let peN and 0<xp<x;<---<x,<1. Denote x_| = —0, Xp41 = + 0.
Let feCypyi(0).
(1) If 600p4+1>0 then

ooL, f(x;X0, ..., xp) =0 (13)

for all xe U,Lf:/ﬁ] [Xp—(2k+1)5 Xp—24]-
2 If 000,41 <0 then (13) holds for all xe U%iill)/zl [Xp—(2k+2)> Xp—(2kc+1))

Proof. Let xelx/1,x/], /=0,....,p+1. It follows from o, D’"'f>0 that

Opt1[X0, «vvs X1m1, X, X1, o0, Xp3 f 120, 16 0,014, f (X5 X0, ..., Xp) >0, where
1 x DY xp f(x)
I xo - xg f(x)

Apf(x; X0, ~--ax]7) déf(_l)l

It follows from the equality

Af (xi X0, - %p) = (=) (L f (%0, 0 0) = f(x) [ (o =),

that JI,H(—I)I’HL],f(x; X0, ...,xp)>ap+1(—l)p+lf(x). Since oo f >0 inequality (13)
holds for appropriate x. [l

We need the following well-known properties of the Newton interpolation
polynomial.

Lemma 5. Let L,f(x;)o,...,¥,) be the Newton interpolation polynomial of the
Sunction [~ at the knots yq, ...,y,. Then

(1) Lyei(x;y0,...,¥p) =ei(x), i=0,....p,
() Lpepi1(x;0, -, ¥p) = pr1 (x) = [To(x = »p)-

4. Example

Let p,k,neN, reNuU{0} and 2<k — r<n.
For feC'(X) denote by L, f(x; 0, ...,»,) the polynomial of degree r + p in the
variable x uniquely determined by

(1) D,:LI‘,pf(x;yOa --',yp) = Lp(Drf)(XQJ’m ...,yp)7
(2) D'L,, f(0; 90, ..., yp) =0,i=0,...,r — 1, if r>0.
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Let Cpx(0) be a cone of type II with rel.
Denote x;, =i/n, i =0, ...,n.

9

Let A,[J,](n :C"(X)—>C'(X) be a linear operator defined by

r—1 1
]ZQ N (Df(X() n) DlAl,r,k,nf(xO,n))
Ay, n ) s Xnly
A = Ak (0 e ) (14
12—%) i xjfl,n)l(DlA;[le,nf (Xj-10) = D' A pnf (xj,l,n)>
+ Aj,r,/c,nf(x)a X€ (x/‘—l‘na xj,n]a j = 27 )
where

(1) if k — r is an odd number and o,04 >0, then

Lyjer1 f (X5 X1y oevs Xkmrn), J=2i+1,
i=0,...,(k—r—1)/2,
Ajrjenf(x) =< Lygr 1 f(X; X005 ooy Xkr—1n),  J = 20+2, (15)
i=0,..,(k-—r-3)/2,
Lyjr 1 f (X5 X (her—t)rs -3 Xjn), J=k—1+1,....m,

(2) if k —r 1s an odd number and o,0; <0, then

Lr,kfrflf(x;xjfllh --'7xj+k7r72,n)7 ] =1l,...,n— (k - V),
Lr,kfrflf(x; Xn—(k—r)ns ==+» xnfl,n); ] =n-= 21;
Ajrpnf(x) = i=0,...,(k—r—1)/2, (16)

Lr,k—r—lf(x; xnf(kfrfl)vn7 ~~-7xn,n): J =n—2i— 17
i=0,.. (k—r—3)2,

(3) if k —r is an even number and o,04 >0, then

Lyjr1 f (X5 X0, vy Xkre1n), J=2i+1,
i=0,....,(k—r—2)/2,
Ajrsnf(x) = Leg—r1 (X3 X105 ooy Xkern), ] = 2042, (17)
i=0,..,(k—r—2)/2,
Lejr 1 f(X5X_(k—r—tys s Xjn)s J=k—r+1,...,n,

(4) if k —r is an even number and ¢,04 <0, then
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Lijr 1 f (X5 X100, ooy Xk—pp),  J=1,

Lejr1 f (X Xjo2py ooy Xjhr—3n), =2, ...,
n—(k—r—1),

Ajrienf (X) = Lrk—r—1 f (X5 X (k—ryins +> Xn-1n), J=n—2i, (18)
i=0,..,(k—r—2)2,

Lijr 1 f (X5 Xp—(k—r—ty s s Xun), J=n—20—1,
Pi=0, ... (k—r—4))2.

It is obvious that AL“T,](‘H is an operator of finite rank n + 1.

Theorem 6. Let A

rhkn "

(D) A% (Cra(0)) = Crylo);
(2) D EJ]]C ne, Die,i=0,... k-1
(3) HDrA, knek - D’ekH n" Ty lf

(a) k —r is an odd number,
(b) k—r is an even number and 0,05 <0;

@) [[D'AYL e — Drer|| = 7 s sup,ey T
and o,0;>0;
(5) for every feCF(X), lim,_, . HD’Arknf D' =0.

: CH(X) - C'(X) be a linear operator defined by (14)~(18). Then

kel |x —J|, if k — r is an even number

Proof. Condition (1) follows from Lemma 4. Apply it to D’f with f € C, x (o). Notice
that D'f'e Cyx_r(c*) with o} = o,4;. Conditions (2)-(4) follow from Lemma 5.
Finally (5) is a direct consequence of (1)—(4) and Proposition 2. O

5. Conclusion

The following statement is a direct consequence of Theorems 3 and 6:

Let &, r, k be three integers with 0<h<r<k —2. Let C(h,r,k) = {Cypi(0): o5 -
ok #0, 0,#0, 0,41 =0, 0,0,42% — 1}. Denote by L,(h,r,k) a set of linear
operators L, : C*(X)—C"(X) of finite rank 7 + 1, such that

(1) there is a cone Cpi(o)e C(h,r, k) such that L,(Cj (o)) = C,,(0);
(2) D'L,e, = D'ey;
(3) if I">0, then L,,(l_l,._l) CH,._l.
Then
! < inf i ! [|D'Lye, — D'ey|| <—— !
‘[(n + l)k_,,\ L,,Ef[’,,(h,r.k) 5 p' n%-p P~ k )

where the constant 7> 1 does not depend on n.
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