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Abstract

In this paper, we present some results estimating the order of approximation of the rth

derivative of a function by means of linear operators under different assumptions related to

shape preserving properties. We give an example of an operator with the best order of

approximation.
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1. Introduction

In various applications it is necessary to approximate a function preserving such
properties as monotonicity, convexity, concavity, etc. The so-called shape preserving
operators could serve as a tool for such an approximation.
As this paper will show, if an operator of finite rank has some shape preserving

properties, then the order of approximation by the derivatives of the operator is low.

Let X ¼ ½0; 1�: Denote by CkðX Þ; kX0; the space of all real-valued and k-times

continuously differentiable functions on X : Let Di be the ith differential operator;

jj � jj denotes the sup-norm in CðXÞ ¼ C0ðX Þ; jj f jj ¼ supxAX j f ðxÞj:
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Denote by Pk the subspace of CðX Þ spanned by fe0; e1;y; ekg; where eiðxÞ ¼ xi;
i.e. Pk ¼ /e0;y; ekS:
Let s ¼ ðsiÞiX0 be a sequence with siAf
1; 0; 1g; and let h; k be two integers with

0phpk and sh � ska0: Let

Ch;kðsÞ ¼ f fACkðX Þ : si � DifX0; i ¼ h;y; kg:
Let G ¼ fi : hpiok; sia0; siþ1 ¼ 0; si � siþ2a
 1g:
When G ¼ |; then following [7] we call Ch;kðsÞ a cone of type I. When Ga| then

we call Ch;kðsÞ a cone of type II.

A linear operator mapping CðXÞ into a linear space of finite dimension n þ 1 is
called an operator of finite rank n þ 1:
In the theory of approximation the well-known result of Korovkin [4] gives

conditions that guarantee the convergence of sequences of linear positive operators
to the identity operator.
Note that interest in conservative and shape preserving approximation has

increased in last years. In particular, Gonska [1], Knoop and Pottinger [2], Muñoz-
Delgado and Cárdenas-Morales [6] presented some quantitative Korovkin-type
estimates on shape preserving approximation. The next generalizations of Korovkin
theorem [4] were presented in [7].

Proposition 1. Let Ch;kðsÞ be a cone of type I or II and let fLngnX1;

Ln :C
kðXÞ-CkðXÞ; be a sequence of linear operators.

If

LnðCh;kðsÞÞCCk;kðsÞ ð1Þ
and

lim
n-N

jjDkLnej 
 Dkejjj ¼ 0 for every j ¼ h;y; k þ 2;

then

lim
n-N

jjDkLn f 
 Dkf jj ¼ 0 for all fACkðXÞ:

Proposition 2. Let Ch;kðsÞ be a cone of type II and rAG: Let fLngnX1;

Ln :C
kðXÞ-CrðX Þ; be a sequence of linear operators.

If

LnðCh;kðsÞÞCCr;rðsÞ ð2Þ
and

lim
n-N

jjDrLnej 
 Drej jj ¼ 0 for every j ¼ h;y; k; ð3Þ

then

lim
n-N

jjDrLn f 
 Drf jj ¼ 0 for all fACkðXÞ:
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One of the shortcomings of linear positive operators is their slow convergence. It
was shown by Korovkin [5] that the order of approximation by positive linear

polynomial operators of degree n cannot be better than n
2 in CðXÞ even for the
functions e0; e1; e2:Moreover, Videnskii [12] has shown that the result of [5] does not
depend on the properties of the polynomials but rather on the limitation of
dimension.
Extending the results of Korovkin [5] and Videnskii [12] it was shown in [8] that if

in the approximation process given in Proposition 1, the operators Ln are assumed to

be of finite rank n þ 1; then the order of convergence of DkLn f to Dkf cannot be

better than n
2 even for functions ek; ekþ1; ekþ2:
In this paper we present similar results for sequences of linear operators Ln of

finite rank n þ 1 under the conditions of Proposition 2. Interestingly, we show that

an order of approximation better than n
2; may occur. Specifically, we first show

that it cannot be better than n
ðk
rÞ; and then we present an example with this
optimal order.
Note that particular case k ¼ r þ 2 was considered in [9].

2. Main results

Theorem 3. Let Ch;kðsÞ be a cone of type II and rAG: Let Ln :C
kðXÞ-CrðX Þ be

a linear operator of finite rank n þ 1; such that

(1) LnðCh;kðsÞÞCCr;rðsÞ;
(2) DrLner ¼ Drer;
(3) if r40; then LnðPr
1ÞCPr
1:

Then

Xk

p¼rþ1

1

p!
jjDrLnep 
 DrepjjX

1

tðn þ 1Þk
r
; ð4Þ

where the constant t41 does not depend on n:

Proof. The proof of the theorem mostly uses the ideas and the technique of [10–12].
It is clear that kXr þ 2:We assume sr ¼ 1 (for sr ¼ 
1 the theorem can be proved

similarly).

Let fujgn
j¼0 be a system generating the linear space fLn f : fACkðXÞg: Consider

the matrix

A ¼ jjDrujðziÞjjj¼0;y;n; i¼0;y;nþ1;

where zi ¼ i
nþ1; i ¼ 0;y; n þ 1:

The rank of A is not equal to zero, rank Aa0: Indeed, if rankA ¼ 0; then

DrLn f ðzjÞ ¼
Pn

i¼0aið f ÞDruiðzjÞ ¼ 0; j ¼ 0;y; n; for every fACkðXÞ; which contra-

dicts hypothesis (2).
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Take a non-trivial vector d ¼ fdignþ1
i¼0 such that

Xnþ1
i¼0

jdij ¼ 1;
Xnþ1
i¼0

diD
rujðziÞ ¼ 0; j ¼ 0;y; n:

It follows from [3, pp. 82–96] that there exists a constant cX1; independent of n; and

a function gACkðXÞ such that

(1) DrgðziÞ ¼ sgn di; i ¼ 0;y; n þ 1;
(2) Digð0Þ ¼ 0; i ¼ 0;y; r 
 1;
(3) jjDigjjpci
rðn þ 1Þi
r; i ¼ r;y; k:

As DrLng belongs to the linear space spanned by fDrujgn
j¼0; we getXnþ1

i¼0
diD

rLngðziÞ ¼ 0:

Then

1 ¼
Xnþ1
i¼0

jdij ¼
Xnþ1
i¼0

diD
rgðziÞ ¼

Xnþ1
i¼0

diðDrgðziÞ 
 DrLngðziÞÞ

p
Xnþ1
i¼0

jdijjDrLngðziÞ 
 DrgðziÞjpjjDrLng 
 Drgjj: ð5Þ

Take xAX and define two functions qj;x; j ¼ 1; 2; by

qj;xðtÞ ¼
Xk

i¼h
iar;rþ1

1

i!
miðt 
 xÞi þ ð
1Þ jþ1

Drþ1gðxÞ 1

ðr þ 1Þ! ðt 
 xÞrþ1; ð6Þ

where

mi ¼

si � jjDigjj þ
Pk

p¼iþ1
par

jjDpgjj �
Pp
j¼1

1

j!
þ 1

ðr 
 iÞ! jjD
rgjj

0
B@

1
CA if hor and

i ¼ h;y; r 
 1;

si � jjDigjj þ
Pk

p¼iþ1
jjDpgjj �

Pp
j¼1

1

j!

 !
if rok 
 2 and

i ¼ r þ 2;y; k 
 1;

sk � jjDkgjj if i ¼ k:

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

Then

gj;x ¼def qj;x þ ð
1Þ j
g 
 1

r!
erD

rgðxÞ
� �

ACh;kðsÞ; j ¼ 1; 2: ð7Þ

Indeed, since gj;x; j ¼ 1; 2; satisfy the following properties:

(1) Drgj;xðxÞ ¼ Drqj;xðxÞ ¼ 0;
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(2) Drþ1gj;xðxÞ ¼ Drþ1qj;xðxÞ þ ð
1Þ j
Drþ1gðxÞ ¼ 0;

(3) Drþ2gj;x ¼ Drþ2qj;x þ ð
1Þ j
Drþ2gX0;

we have Drgj;xX0:

Finally, it is easy to check that

siD
igj;xX0; i ¼ h;y; k; iar:

Now it follows from hypothesis (1) and (7) that Lngj;xACr;rðsÞ; j ¼ 1; 2: Thus,

DrLn g 
 1

r!
erD

rgðxÞ
� �

ðxÞpDrLnq1;xðxÞ

and


DrLn g 
 1

r!
erD

rgðxÞ
� �

ðxÞpDrLnq2;xðxÞ:

Consequently,

jDrLngðxÞ 
 DrgðxÞj

¼ DrLn g 
 1

r!
erD

rgðxÞ
� �

ðxÞ þ 1

r!
DrgðxÞ � ðDrLner 
 DrerÞðxÞ

����
����

pmaxfjDrLnq1;xðxÞj; jDrLnq2;xðxÞjg; ð8Þ

where we have used hypothesis (2).
On the other hand, it follows from

DrLnðð� 
 xÞiÞðxÞ ¼DrLn

Xi

s¼0
ð
1Þi
s

Cs
i esx

i
s

 !
ðxÞ

¼
Xi

s¼0
ð
1Þi
s

Cs
i xi
sðDrLnes 
 DresÞðxÞ

þ
Xi

s¼0
ð
1Þi
s

Cs
i xi
sDresðxÞ

and

Xi

s¼0
ð
1Þi
s

Cs
i xi
sDresðxÞ ¼ i!xi
r

Xi

s¼r

ð
1Þi
s 1

ði 
 sÞ!ðs 
 rÞ! ¼ 0;

that

DrLnðð� 
 xÞiÞðxÞ ¼
Pi

s¼rþ1
ð
1Þi
s

Cs
i ðDrLnes 
 DresÞðxÞ; i4r;

0; 0pipr:

8<
: ð9Þ
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It follows from (6), (8) and (9) that

jDrLngðxÞ 
 DrgðxÞj

p
Xk

i¼rþ2

1

i!
� jmij �

Xi

s¼rþ1
Cs

i jDrLnesðxÞ 
 DresðxÞj
 !

þ 1

ðr þ 1Þ! � jD
rþ1gðxÞj � jDrLnerþ1ðxÞ 
 Drerþ1ðxÞj

¼
Xk

p¼rþ1

1

p!
� jDrLnepðxÞ 
 DrepðxÞj �

Xk

j¼p
jarþ1

jmjj
ð j 
 pÞ!

0
BB@

1
CCA

þ 1

ðr þ 1Þ! � jD
rþ1gðxÞj � jDrLnerþ1ðxÞ 
 Drerþ1ðxÞj: ð10Þ

It follows from jmpjp2
Pk

l¼pcl
rðn þ 1Þl
r; p ¼ r þ 2;y; k; and (5), (10) that

1p 2
Xk

p¼rþ1

1

p!
jjDrLnep 
 Drepjj �

Xk

j¼p

1

ð j 
 pÞ! �
Xk

l¼j

cl
rðn þ 1Þl
r

 ! !

p 2ck
rðn þ 1Þk
r
Xk

p¼rþ1

1

p!
jjDrLnep 
 Drepjj

Xk

j¼p

k 
 j þ 1

ð j 
 pÞ!

p 2ck
rðn þ 1Þk
r
Xk

p¼rþ1

1

p!
jjDrLnep 
 Drepjjðk 
 p þ 1Þe

p 2eðk 
 rÞck
rðn þ 1Þk
r
Xk

p¼rþ1

1

p!
jjDrLnep 
 Drepjj; ð11Þ

where we have used that
Pk

j¼p
1

ð j
pÞ!pe ¼ 2; 718y : Finally (4) follows directly from

(11) taking t ¼ 2e � ðk 
 rÞck
r: &

3. Auxiliary lemmas

Let us consider some lemmas first.
Denote by ½y0; y1;y; yp; f � the pth order divided difference of the function f at the

knots y0oy1o?oyp:

Denote by Lp f ðx; y0; y1;y; ypÞ the Newton interpolation polynomial of the

function f at the knots y0; y1;y; yp:

Lp f ðx; y0; y1;y; ypÞ ¼
Xp

j¼0
½y0;y; yj ; f � �

Yj
1
i¼
1

ðx 
 yiÞ; x 
 y
1 ¼
def

1: ð12Þ
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Lemma 4. Let pAN and 0px0ox1o?oxpp1: Denote x
1 ¼ 
N; xpþ1 ¼ þN:

Let fAC0;pþ1ðsÞ:

(1) If s0spþ140 then

s0Lp f ðx; x0;y; xpÞX0 ð13Þ

for all xA
S½p=2�

k¼0 ½xp
ð2kþ1Þ; xp
2k�:
(2) If s0spþ1o0 then (13) holds for all xA

S½ðp
1Þ=2�
k¼
1 ½xp
ð2kþ2Þ; xp
ð2kþ1Þ�:

Proof. Let xA½xl
1; xl �; l ¼ 0;y; p þ 1: It follows from spþ1D
pþ1fX0 that

spþ1½x0;y; xl
1; x; xl ;y; xp; f �X0; i.e. spþ1Dp f ðx; x0;y; xpÞX0; where

Dp f ðx; x0;y; xpÞ ¼
defð
1Þl

1 x ? xp f ðxÞ
1 x0 ? x

p
0 f ðx0Þ

? ? ? ? ?

1 xp ? xp
p f ðxpÞ

���������

���������
:

It follows from the equality

Dpf ðx; x0;y; xpÞ ¼ ð
1ÞpþlðLp f ðx; x0;y; xpÞ 
 f ðxÞÞ
Y

0piojpp

ðxj 
 xiÞ;

that spþ1ð
1Þpþl
Lp f ðx; x0;y; xpÞXspþ1ð
1Þpþl

f ðxÞ: Since s0 fX0 inequality (13)

holds for appropriate x: &

We need the following well-known properties of the Newton interpolation
polynomial.

Lemma 5. Let Lp f ðx; y0;y; ypÞ be the Newton interpolation polynomial of the

function f at the knots y0;y; yp: Then

(1) Lpeiðx; y0;y; ypÞ ¼ eiðxÞ; i ¼ 0;y; p;

(2) Lpepþ1ðx; y0;y; ypÞ ¼ epþ1ðxÞ 

Qp

j¼0ðx 
 yjÞ:

4. Example

Let p; k; nAN; rAN,f0g and 2ok 
 ron:
For fACrðX Þ denote by Lr;p f ðx; y0;y; ypÞ the polynomial of degree r þ p in the

variable x uniquely determined by

(1) DrLr;p f ðx; y0;y; ypÞ ¼ LpðDrf Þðx; y0;y; ypÞ;
(2) DiLr;p f ð0; y0;y; ypÞ ¼ 0; i ¼ 0;y; r 
 1; if r40:
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Let Ch;kðsÞ be a cone of type II with rAG:
Denote xi;n ¼ i=n; i ¼ 0;y; n:

Let L½s�
r;k;n :C

rðX Þ-CrðXÞ be a linear operator defined by

L½s�
r;k;n f ðxÞ ¼

Pr
1
l¼0

1

l!
xlðDlf ðx0;nÞ 
 DlA1;r;k;n f ðx0;nÞÞ

þ A1;r;k;n f ðxÞ; xA½x0;n; x1;n�;Pr
1
l¼0

1

l!
ðx 
 xj
1;nÞl

DlL½s�
r;k;n f ðxj
1;nÞ 
 DlAj;r;k;n f ðxj
1;nÞ

� �
þ Aj;r;k;n f ðxÞ; xAðxj
1;n; xj;n�; j ¼ 2;y; n;

8>>>>>>>><
>>>>>>>>:

ð14Þ

where

(1) if k 
 r is an odd number and srsk40; then

Aj;r;k;n f ðxÞ ¼

Lr;k
r
1 f ðx; x1;n;y; xk
r;nÞ; j ¼ 2i þ 1;

i ¼ 0;y; ðk 
 r 
 1Þ=2;
Lr;k
r
1 f ðx; x0;n;y; xk
r
1;nÞ; j ¼ 2i þ 2;

i ¼ 0;y; ðk 
 r 
 3Þ=2;
Lr;k
r
1 f ðx; xj
ðk
r
1Þ;n;y; xj;nÞ; j ¼ k 
 r þ 1;y; n;

8>>>>>><
>>>>>>:

ð15Þ

(2) if k 
 r is an odd number and srsko0; then

Aj;r;k;n f ðxÞ ¼

Lr;k
r
1 f ðx; xj
1;n;y; xjþk
r
2;nÞ; j ¼ 1;y; n 
 ðk 
 rÞ;
Lr;k
r
1 f ðx; xn
ðk
rÞ;n;y; xn
1;nÞ; j ¼ n 
 2i;

i ¼ 0;y; ðk 
 r 
 1Þ=2;
Lr;k
r
1 f ðx; xn
ðk
r
1Þ;n;y; xn;nÞ; j ¼ n 
 2i 
 1;

i ¼ 0;y; ðk 
 r 
 3Þ=2;

8>>>>>><
>>>>>>:

ð16Þ

(3) if k 
 r is an even number and srsk40; then

Aj;r;k;n f ðxÞ ¼

Lr;k
r
1 f ðx; x0;n;y; xk
r
1;nÞ; j ¼ 2i þ 1;

i ¼ 0;y; ðk 
 r 
 2Þ=2;
Lr;k
r
1 f ðx; x1;n;y; xk
r;nÞ; j ¼ 2i þ 2;

i ¼ 0;y; ðk 
 r 
 2Þ=2;
Lr;k
r
1 f ðx; xj
ðk
r
1Þ;n;y; xj;nÞ; j ¼ k 
 r þ 1;y; n;

8>>>>>><
>>>>>>:

ð17Þ

(4) if k 
 r is an even number and srsko0; then
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Aj;r;k;n f ðxÞ ¼

Lr;k
r
1 f ðx; x1;n;y; xk
r;nÞ; j ¼ 1;

Lr;k
r
1 f ðx; xj
2;n;y; xjþk
r
3;nÞ; j ¼ 2;y;

n 
 ðk 
 r 
 1Þ;
Lr;k
r
1 f ðx; xn
ðk
rÞ;n;y; xn
1;nÞ; j ¼ n 
 2i;

i ¼ 0;y; ðk 
 r 
 2Þ=2;
Lr;k
r
1 f ðx; xn
ðk
r
1Þ;n;y; xn;nÞ; j ¼ n 
 2i 
 1;

i ¼ 0;y; ðk 
 r 
 4Þ=2:

8>>>>>>>>>>><
>>>>>>>>>>>:

ð18Þ

It is obvious that L½s�
r;k;n is an operator of finite rank n þ 1:

Theorem 6. Let L½s�
r;k;n :C

kðX Þ-CrðXÞ be a linear operator defined by (14)–(18). Then

(1) L½s�
r;k;nðCr;kðsÞÞCCr;rðsÞ;

(2) DrL½s�
r;k;nei ¼ Drei; i ¼ 0;y; k 
 1;

(3) jjDrL½s�
r;k;nek 
 Drekjj ¼ k!

nk
r; if

(a) k 
 r is an odd number,
(b) k 
 r is an even number and srsko0;

(4) jjDrL½s�
r;k;nek 
 Drekjj ¼ 1

nk
r
k!

ðk
rÞ! supxAX

Qk
r
1
j¼0 jx 
 jj; if k 
 r is an even number

and srsk40;

(5) for every fACkðXÞ; limn-N jjDrL½s�
r;k;n f 
 Drf jj ¼ 0:

Proof. Condition (1) follows from Lemma 4. Apply it to Drf with fACr;kðsÞ: Notice
that DrfAC0;k
rðs�Þ with s�i ¼ srþi: Conditions (2)–(4) follow from Lemma 5.

Finally (5) is a direct consequence of (1)–(4) and Proposition 2. &

5. Conclusion

The following statement is a direct consequence of Theorems 3 and 6:
Let h; r; k be three integers with 0phprpk 
 2: Let Cðh; r; kÞ ¼ fCh;kðsÞ : sh �

ska0; sra0; srþ1 ¼ 0; srsrþ2a
 1g: Denote by Lnðh; r; kÞ a set of linear

operators Ln :C
kðX Þ-CrðXÞ of finite rank n þ 1; such that

(1) there is a cone Ch;kðsÞACðh; r; kÞ such that LnðCh;kðsÞÞCCr;rðsÞ;
(2) DrLner ¼ Drer;
(3) if r40; then LnðPr
1ÞCPr
1:

Then
1

tðn þ 1Þk
r
p inf

LnALnðh;r;kÞ

Xk

p¼rþ1

1

p!
jjDrLnep 
 Drepjjp

1

nk
r
;

where the constant t41 does not depend on n:
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